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weight $2k-2$ ( $k$ : ) $2_{\text{ }}$ weight $k$ Siegel
Hecke compatible lifting
$([\mathrm{K}\mathrm{u}])$ 1980 Maass [Ma2], Andrianov [An] Eichler-Zagier
([E-Z]) ( Maass [Ma2]
) (modularity)
Eichler-zagier ( Maass ) Jacobi
Duke-Imamogle[D-I]
[Im] Katok-Sarnak [K-S] Shimura real analytic version
lift
wieght $k$ $\mathrm{s}\mathrm{a}\mathrm{i}\mathrm{t}_{0^{-\mathrm{K}\mathrm{r}}}\mathrm{u}\mathrm{o}\mathrm{k}\mathrm{a}\mathrm{w}\mathrm{a}$ lifting
(Maass [Ma3] )
Duke-Imamogle level 4 weight $k-1/2$ cusp






( ) Weissauer’s Converse Theorem [Su]
1 Saito-Kurokawa lifting
Saito-Kurokawa lifting
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$k>0$ $k-1/2$ $\Gamma_{0}(4)$
$M_{k-1/}2(\Gamma_{0}(4))$ $f$ $(\mathrm{i})_{\text{ }}$ (ii)
C
(i) $M\in\Gamma_{0}(4)$ $f(M\tau)=j(M, \mathcal{T})^{2}k-1f(\mathcal{T})$
(ii) cusp .






$(-1)^{k}n\equiv 1,2$ mod 4 $c(n)=0$
$f$ $M_{k-1/}2(\Gamma_{0}(4))$ $M_{k-1/2}^{+}(\Gamma_{0}(4))$ $M_{k-1/2}(\Gamma_{0}(4))$ ,
$M_{k-}^{+}(1/2\Gamma_{0}(4))$ cusp $S_{k-1/2}(\mathrm{r}_{0}(4)),$ $S_{k}^{+}-1/2(\Gamma_{0}(4))$
$k$ $M_{k}(\Gamma_{2})$ $k_{\text{ }}$ 2 Siegel modular
$\Gamma_{2}=s_{p_{2}}(\mathbb{Z})$ Siegel Maass $Ma_{k}$
$F\in M_{k}(\mathrm{r}_{2})$ Fourier $a(T)$ Maass relation
$a= \sum_{0<d|(m,r,n)}d^{k-1}a$ $((m,r, n)\neq(0,0,0))$
$f( \tau)=\sum^{\infty}n=0c(n)e(n\mathcal{T})\in M_{k-1/2}^{+}(\Gamma_{0}(4))$ 2
$T(T\neq 0)$ $a(T)$
$a= \sum_{n0<d|(m,r,)}\chi(d)d^{k}-1C(\frac{\det 2T}{d^{2}})$
$dl\mathrm{h}m,$ $r,$ $n$ $(m, r, n)$ $a(\mathrm{O})$
$a(0)=Ck=- \frac{2k}{B_{2k}}$ ( $B_{2k}$ Bernoulli )
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(i) $\iota(f)\in Ma_{k}$ .
(ii) $M_{k1/2}^{+}-(\mathrm{r}\mathrm{o}(4))\cong Mak$ . $farrow\iota(f)$
(iii) $\iota$ Hecke compatible
) Shimura $M_{2k-2}(sL2(\mathbb{Z}))\cong Mk-1/+2(\Gamma_{0(}4))$ 2





$\chi$ mod4 $\Gamma_{0}^{(\mathrm{z})}(4)$ $M\in\Gamma_{2}$ $:=$
$Sp_{2}(\mathbb{Z})$ $c(M)\equiv 0$ mod 4 $M$ $\Gamma_{2}$ ( $c(M)$ $M$
bblock ) $M_{k}(\Gamma_{0}^{(2)}(4), \chi)$
$F(MZ)=\chi(\det c)\det(CZ+d)^{k}F(Z)$ for $\forall M=\in \mathrm{r}_{0}^{(2)}(4)$
2 Siegel 2 $F(Z)$ $S_{2}(\mathbb{Z})$ (resp.
$S_{2}^{*}(\mathbb{Z}))$ 2 (resp. ) $S_{2}(\mathbb{Z})^{+}$ (resp. $S_{2}^{*}(\mathbb{Z})^{+}$ )
$S_{2}(\mathbb{Z})$ (resp. $S_{2}^{*}(\mathbb{Z})$ ) $e(z)=exp(2\pi i_{Z})$
$F\in M_{k}(\mathrm{r}_{0}^{(}2)(4),$ $\chi)$ Fourier
$F(Z)= \sum_{\geq T\in S_{n}^{*}(\mathbb{Z}),\tau 0}a(T)e(\mathrm{t}\mathrm{r}(\tau Z))$
.
Maass $\overline{M}a(k, x)$ $F\in M_{k}(\mathrm{r}_{0}(2)(4), x)$ Fourier $a(T)$
$T=\in S_{2}^{*}(\mathbb{Z}),$ $T\geq 0,$ $T$
.
$\neq 0$ Maass relatio’$\mathrm{n}$








$F(Z)= \sum_{)T\in S_{2}(\mathbb{Z},T\geq 0}a(\tau)e(\mathrm{t}\mathrm{r}(\tau z))$
Fourier Fourier
$a= \sum_{n0<d|(m,r,)}\chi(d)d^{k1}-a$









2.1 $\varphi\in S_{k-1/2}(\mathrm{r}_{0}(4))$ $\iota(\varphi)\in Ma(k, x),$ $\overline{\iota}(\varphi)\in\overline{M}a(k, \chi)$




$F(Z)=\iota(\varphi)(z)$ , $G(Z)=b\sim(\psi)(Z)$ .
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2.2 $F(-(4Z)-1)= \det(\frac{2Z}{i})^{k}G(Z)$
.. $\psi\in s_{k-}^{+}(1/2\mathrm{r}_{0}(4))\Rightarrow F(-(4Z)-1)=\det(\frac{2Z}{i})^{k}F(Z)$ $F=G$.




(Maass wave form) $v:\mathfrak{H}arrow \mathbb{C}$ $0$ Maass wave form
3
(i) $v(Mz)=v(Z)$ $\forall M\in SL_{2}(\mathbb{Z})$
(ii) $v$ $x,$ $y$ $C^{\infty}-$ $\lambda\in \mathbb{C}$ $\triangle v=-\lambda v$
$\triangle=y^{2}(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial y^{2}})$ $\mathfrak{H}$ SL2(R)-
(iii) (growth condition) $\exists\alpha>0$ $v(x+iy)=O(y)\alpha$ $(yarrow\infty)$ .
$P_{2}$ 2 1
$\mathcal{P}S_{2}=\{Y\in \mathcal{P}_{\mathit{2}}.|\det Y=1\}$
$SL_{2}(\mathbb{R})$ $\mathrm{Y}arrow {}^{t}g^{-1}\mathrm{Y}g-1$ $P_{2}$ $PS_{2}$ $PS_{2}$
$SL_{2}(\mathbb{R})$ comptible $z=x+iy$
$\mathrm{Y}(z)=$
$Y(z)\in PS_{2}$ $Y(gz)={}^{t}g-1Y(z)g-1$ Maass
wave form $PS_{2}$ $\mathcal{P}_{2}$
MMMaass $u$ : $\mathcal{P}_{2}arrow \mathbb{C}$ Maass....,....
(i) $\forall c>0$ $Y\in P_{\mathit{2}}$ $u(cY)=u(Y)$ .
(ii) Maass wave form $v$ $u(Y)=v(z)(Y\in \mathcal{P}S_{2})$ . $z$ $Y$
$(Y=Y(z))$
Maass [Mal]
$Y\in \mathcal{P}_{2}$ $Y(z)= \frac{1}{\sqrt{\det Y}}\cdot Y$ $z\in$ $z_{Y}$
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weight weight Shimura Katok-
Sarnak [$\mathrm{K}- \mathrm{S}|$ Maass wave form version weight 1/2 Maass
wave form
(weight 1/2 Maass wave form) $r\in \mathbb{C}$ 3 (i) $\sim(\mathrm{i}\mathrm{i}\mathrm{i})$
$g:\mathfrak{H}arrow \mathbb{C}$ $\mathbb{C}$- $T_{r}^{+}$ :
(i) $g$ $x,$ $y$ $C^{\infty}-$
$g(Mz)=g(z)j(M_{Z},)|CZ+d|-1/2$ , $\forall M\in\Gamma_{0}(4)$
cusp : $\exists\alpha>0$ $\forall M\in SL_{\mathit{2}}(\mathbb{Z})$
$|g(M_{Z})|=o(y)\alpha$ $(yarrow\infty)$ .
(ii) $g$ $g(z)= \sum_{n}\in \mathbb{Z}B(n, y)e(nX)$ Fourier $n\neq 0$ $B(n, y)$
$B(n, y)=b(n)W_{\mathrm{s}}\mathrm{i}\mathrm{g}\mathrm{n}n/2,ir/2(4\pi y|n|)$, $W_{\alpha,\beta}$ ( Whittaker )
(iii) $n\equiv 2,3$ mod 4 $B(n, y)=0$ .
weight $0$ Maass wave form weight 1/2 Maass form
Shimura $v$ cusp Katok-Sarnak [K-S]
Eisenstein Duke-Imamogle [D-I] .
2.3 (Katok-Sarnak, Duke-Imamogle) $v$ weight $0$ Maass wave form
$\triangle v=-(\frac{1}{4}+r^{\mathit{2}})v$ $v$ $even_{\text{ }}$ $v(-\overline{z})=v(z)$
$g\in T_{r}^{+}$ Fourier $b(-n)$
$b(-n)=n^{-} \sum_{\mathrm{d}}3/4\tau\in S_{2}*(\mathbb{Z})+/sL2(\mathbb{Z}),\mathrm{e}\mathrm{t}2T=nv(z_{T})|AutT|^{-1}$
$(n\in \mathbb{Z}_{>0})$
$AutT$ $T$ { $U\in SL_{2}(\mathbb{Z})|{}^{t}UTU=^{\tau\}}$
$T$ $S_{2}^{*}(\mathbb{Z})^{+}$ SL2(Z)-
) (i) $g$ unique
(ii) $v$ even ( ) $v$
even Maass $u$
$v$ $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}\Leftrightarrow$ $u(I_{0}YI_{0})=u(Y)$ $(I_{0}=)$















(2.1) $a-= \sum_{)d|(m,r,n}\chi(d)d^{k}-1a(\frac{\det 2T}{d^{2}})$
$M$ ( $\varphi,$ $\psi$ )
(2.2) $|C|<M(mn)^{k+1}/2$ , $|a|<M(mn)^{k}+1/2$
$\mathcal{P}_{2}$ Maass $u$ $u$ Maass wave form $v$
$( \triangle v=-(\frac{1}{4}+r^{2}))$ 2.3 $T_{r}^{+}$ weight 1/2 Maass wave
form $g$ $F$ $G$ Mellin
$\xi_{2}(G, u;S):=\int_{\mathcal{R}}G(\frac{iY}{2})(\det Y)^{s}u(Y)dv(Y)$
$\mathcal{R}$ $P_{2}$ $SL_{\mathit{2}}(\mathbb{Z})$
$dv(Y)=(\det Y)-3/2$dyll $dy12dy22$ $(Y=(_{y}ij))d$
Maass [Ma]
$\xi_{2}(G, u;s)=2\pi\pi-2S\Gamma 1/2(s-\frac{1}{4}+\frac{ir}{2})\Gamma(s-\frac{1}{4}-\frac{ir}{2})D2(G, u, S)$.
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$D_{2}(G, u, s)$ $G$ $u$ Koecher-Maass :
$D_{2}(G, u, S)= \sum_{+T\in S_{2}*(\mathbb{Z}\rangle/SL_{2}(\mathbb{Z})}\frac{a(T)u(T)}{|Aut(\tau)|(\det T)^{s}}$
$D_{2}(G, u, S)$ $a(T)$ (2.2) ${\rm Re}(s)$
$\xi_{2}(G, u;s)$ $s$ $a(I_{\mathit{0}}TI0)=a(T)$ $u$
odd $D_{2}(G, u, S)=0$ $u$ even ( $v$ even)
$Prim_{2}^{*}(\mathbb{Z})+$ (primitive)
$a(T)$ (2.1)
$D_{2}(G,u, s)$ $=$ $\tau_{0\in r}Pim^{*}2(\sum_{\mathbb{Z})+/sL2(\mathbb{Z})}\sum_{\mathrm{e}=1}^{\infty}\frac{a(e\tau_{0)u(T)}e0}{|Aut(e\tau 0)|(\det e\tau 0)^{S}}$
$=$ $T \mathrm{o}\in Prim^{*}(\sum_{2}\mathbb{Z})+/sL2(\mathbb{Z})\sum_{e=1}^{\infty}\sum_{0<d|\mathrm{e}}x(d)d^{k1}-\frac{a(\det(2e\tau_{0)/}d2)u(T\mathrm{o})}{|Aut(\tau_{0})|e^{2}S(\det\tau 0)^{s}}$
$=$ $\sum_{d=1m}^{\infty}\sum_{=1T0\in Prim^{*}2(}^{\infty}\sum_{(\mathbb{Z})+/sL2\mathbb{Z})}\chi(d)d^{-}2S+k-1\frac{a(\det(2mT_{0}))u(m\tau_{0})}{|Aut(m\tau_{0})|(\det mT\mathrm{o})^{s}}$
$=$ $L(2s-k+1,x)T \in S_{2^{*}}(\mathbb{Z})\sum_{(+/sL2\mathbb{Z})}\frac{a(\det 2T)u(T)}{|Aut(\tau)|(\det T)^{s}}$
Katok-Sarnak Duke-Imamogle trick
$D_{2}(G, u, s)$ $=$ $4^{s}L(2s-k+1, \chi)\sum_{LT\in s_{2}l(\mathbb{Z})+/S2(\mathbb{Z})}\frac{a(\det 2\tau)v(z\tau)}{|Aut(\tau)|(\det 2\tau)^{s}}$
$=$ $4^{s}L(2s-k+1, \chi)\sum_{n=}\infty 1\frac{a(n)b(-n)}{n^{s-3/4}}$ .
‘
$\xi_{2}(G, u;S)=2\pi^{1/}\pi^{-}4^{s_{\Gamma}}22s(s-\frac{1}{4}+\frac{ir}{2})\Gamma(s-\frac{1}{4}-\frac{ir}{2})L(2s-k+1, x)\sum_{n1}\infty=\frac{a(n)b(-n)}{n^{s-3/4}}$
$\psi_{\text{ }}g$ Eisenstein Rankin-Selberg
$\Gamma_{0}(4)$ $\chi$ Eisenstein
$\ovalbox{\tt\small REJECT}^{\nearrow}g9^{-}\text{ }\circ$
$E_{\infty}(z, s)=$ $\sum$ $\chi(d)(\frac{cz+d}{|cz+d|})^{k}({\rm Im} M_{Z)^{s}}$
$M\in \mathrm{r}_{\infty\backslash }\mathrm{r}_{\mathrm{o}(}4)$
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${\rm Re}(s)>1$ $\Gamma_{0}(4)$ cusp $\infty$ Eisenstein
cusp $0$ Eisebstein








$g_{0}(z)= \sum_{m\in \mathbb{Z}}B(4m, y/4)e2\pi imx$
Fourier ([D-I], [Ib])
$\Lambda_{\infty}(\psi,g, s)$ $=$ $\int_{\Gamma_{0}(4)}\backslash fly^{\frac{k}{2}-\frac{1}{4}}\psi(z)g(Z)\tilde{E}\infty(_{Zs},)\frac{dxdy}{y^{2}}$
$\Lambda_{\infty}(\varphi,g_{0}, s)$ $=$ $\int_{\Gamma_{0}(4})\backslash \mathfrak{H}y^{\frac{k}{2}-\frac{1}{4}}\varphi(_{\mathcal{Z}})g_{0}(z)\tilde{E}_{\infty}(_{Zs},)\frac{dxdy}{y^{2}}$
$s$ Eisenstein
$\Lambda_{\infty}$ ( $\varphi$ ,go, $s$ ) $=2^{k-3}/2\Lambda(\infty\psi,g, 1-S)$
$\Lambda_{\infty}(\psi,g, s),$ $\Lambda_{\infty}$ ( $\varphi$ ,go, $s$ ) unfold
$\xi_{2}(G, u;s),$ $\xi_{2}(F, u;s)$ –
$\xi_{\mathit{2}}(G, u;s)$ $=$ $c(k)2S\Lambda_{\infty}(\psi,$ $g,$ $s- \frac{k-1}{2})$
.
$\xi_{2}(F, u;s)$ $=$ $c(k)23/2-s\Lambda_{\infty}(\varphi,g_{0},$ $s- \frac{k-1}{2})$
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$c(k)=23k/2-2\pi^{1}/4-k/2$ .
$\xi_{2}(F, u;s)$ $\xi_{2}(G, u;s)$ $s$- ( )
$\xi_{2}(F, u;S)=\xi 2(G, u;k-s)$
(Imai)




) Siegel Koecher-Maass [Mal]
Koecher-Maass 1
$\mathrm{r}\mathrm{K}\mathrm{o}\mathrm{e}\mathrm{c}\mathrm{h}e\mathrm{r}$-Maass (1998, edited by T. Ibukiyama)
3 Maass Eichler-Zagier
2 lifting Maass $[\mathrm{M}\mathrm{a}2]\text{ }$ Eichler-Zagier [E-Z]
$\text{ _{ }}$ Jacobi $k$
$\ovalbox{\tt\small REJECT}\cross \mathbb{C}$ $\emptyset(\mathcal{T}, Z)$ 3
(i) $\phi(_{T,z+\mathcal{T}}\lambda+\mu)=e(-\lambda 2\tau-2\lambda\sim)7\emptyset(\mathcal{T}, \mathcal{Z})$ $\forall\lambda,$ $\mu\in \mathbb{Z}$
(ii) $\phi(M(\tau, z))=\chi(d)(c\mathcal{T}+d)^{k}e(-\frac{cz^{2}}{C7^{-+d}})\emptyset(\mathcal{T}, z)$ $\forall M\in\Gamma_{0}(4)$
(iii) $\phi$ cusp |I
$\mathbb{C}$- $J_{k,1}(\Gamma_{0}(4), x)$ $\phi\in J_{k,1}(\mathrm{r}_{0}(4), x)$
$\phi(_{\mathcal{T},Z})=\sum_{4n,r\in \mathbb{Z},n\geq r^{2}}c(n,r)e(n\mathcal{T}+\Gamma z)$
Fourier 2 $\tau,$ $z$ theta $\theta_{0}(\tau, Z)_{\text{ }}$ $\theta_{1}(\tau, z)$
$\theta_{0}(\mathcal{T}, Z)=\sum_{\in n\mathbb{Z}}e(n^{2}\tau+2nz)$
, $\theta_{1}(\mathcal{T}, \mathcal{Z})=\sum_{\in n\mathbb{Z}}e((n+1/2)^{2}\tau+2(n+1/2)z)$
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$\phi\in J_{k,1}(\mathrm{r}_{\mathrm{o}(}4),$ $\chi)$ theta
:




$j(M, \tau)$ Shimura $\mu(M, \tau)$ $\Gamma_{0}(4)$ $|\mu(M, \mathcal{T})|=$
$|c\tau+d|^{1}/\mathit{2}$ $\mu(M, \tau)$ weight $k-1/2$ $M_{k1/}^{*}-2(\Gamma_{0}(4))$
$\mathcal{B}$ $f$




Proposition 3.1 $J_{k,1}(\Gamma_{0}(4), x)arrow M_{k-1/}\mathit{2}(\Gamma_{\mathrm{o}(4))}\oplus M_{k^{*}/2}(-1\Gamma_{\mathrm{o}(}4))$
$\phi-(h\mathrm{o}(\tau), h1(\mathcal{T}))$
$\phi\in J_{k,1}(\Gamma_{0^{(),)}}4\chi$ $m$ Eichler-Zagier $V_{m}$
$(\phi|_{k,1}V_{m})(\mathcal{T}, Z)=m^{k}-1M\in \mathrm{r}\mathrm{o}(4)\backslash Ml,$$\det M\sum_{m2=}\chi(a)(C\tau+d)^{-k}e(-\frac{cz^{2}}{c\tau+d})\emptyset(M\tau,$ $\frac{mz}{c\tau+d})$
’ $M=$
$M_{2}^{*}=\{M=\in M_{2}(\mathbb{Z})|\det M\neq 0,$ $c\equiv 0$ mod 4, $(a, 2)=1\}$
MMMaass $\overline{M}a(k, x)$
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32 Jacobi $J_{k,1}$ $(\Gamma_{\mathit{0}}(4), \chi)$ Maass $\overline{M}a(k, x)$
$l:J_{k,1}(\Gamma \mathrm{o}(4), x)arrow\overline{M}a(k, x)$
$l( \phi)=\phi_{0}(\tau, z)+\sum_{1m=}\infty(\phi|_{k,1}V_{m})(_{\mathcal{T}}, z)e(m\zeta)$
$\phi_{0}(\tau, z)=(\frac{(2/i)k-1\mathrm{r}(k)L(k,\chi)}{\pi^{k}}+\sum_{n_{-1}^{-}}^{\infty}(\sum_{0<d|n}\chi(d)d^{k1)}-e(n\tau))\mathrm{c}(0, \mathrm{o})$
$c(\mathrm{o}, \mathrm{o})$ $\phi$ Fourier $l$ $l$ : $M_{k-1/2}(\mathrm{r}\mathrm{o}(4))arrow$
$Ma(k, x)$ $S_{k-1/\mathit{2}}(\Gamma_{\mathrm{o}(}4))$ $\iota$ –
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